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In this paper, we pose many conjectures on congruences involving
(2kk )
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1. Introduction
We first illustrate the notation in the paper. Let Z be the set of integers, and for a
prime p let Zp be the set of rational numbers whose denominator is not divisible by p.
Let [x] be the greatest integer not exceeding x. For a ∈ Z and given odd prime p let (ap)
denote the Legendre symbol. For positive integers a, b and n, if n = ax2 + by2 for some
integers x and y, we briefly write that n = ax2 + by2.
Let p be an odd prime. It is clear that
(
2k
k
)
=
2k(2k − 1) · · · (k + 1)
k!
≡ 0 (mod p) for k =
p+ 1
2
, . . . , p− 1
and so 12k−1
(2k
k
)
∈ Zp for k = 0, 1, . . . , p − 1. Actually, for k ≥ 1,
1
2k − 1
(
2k
k
)
= 2
((2k − 2
k − 1
)
−
(
2k − 2
k
))
=
2
k
(
2k − 2
k − 1
)
= 2Ck−1 ∈ Z,
where Ck =
1
k+1
(2k
k
)
is the k-th Catalan number.
Let p be an odd prime, m ∈ Z and p ∤ m. In [Su1,Su2], Z.W. Sun posed many
conjectures concerning congruences modulo p2 involving the sums
p−1∑
k=0
(2k
k
)3
mk
,
p−1∑
k=0
(2k
k
)2(3k
k
)
mk
,
p−1∑
k=0
(2k
k
)2(4k
2k
)
mk
,
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
mk
.
For 13 similar conjectures see [S1]. Most of these congruences modulo p were proved
by the author in [S2-S5]. In [S10], the author conjectured many congruences modulo p3
1
involving the above sums. For instance, for any prime p 6= 2, 3, 7,
p−1∑
k=0
(
2k
k
)3
≡


4x2 − 2p −
p2
4x2
(mod p3) if p ≡ 1, 2, 4 (mod 7) and so p = x2 + 7y2,
−
11
4
p2
(
3[p/7]
[p/7]
)
−2
≡ −11p2
(
[3p/7]
[p/7]
)
−2
(mod p3) if 7 | p− 3,
−
99
64
p2
(
3[p/7]
[p/7]
)
−2
≡ −11p2
(
[6p/7]
[2p/7]
)
−2
(mod p3) if 7 | p− 5,
−
25
176
p2
(
3[p/7]
[p/7]
)
−2
≡ −11p2
(
[3p/7]
[p/7] + 1
)
−2
(mod p3) if 7 | p− 6.
In this paper, with the help of Maple, we pose some conjectures on congruences modulo
p2 involving the sums
p−1∑
k=0
(
2k
k
)2
mk(2k − 1)2
,
p−1∑
k=0
(
2k
k
)3
mk(2k − 1)
,
p−1∑
k=0
(
2k
k
)3
mk(2k − 1)2
,
p−1∑
k=0
(
2k
k
)3
mk(2k − 1)3
,
p−1∑
k=0
(2k
k
)2(3k
k
)
mk(2k − 1)
,
p−1∑
k=0
(2k
k
)2(4k
2k
)
mk(2k − 1)
,
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
mk(2k − 1)
.
As typical examples, we conjecture that for any prime p > 3,
p−1∑
k=0
(2k
k
)3
(2k − 1)3
≡


−804y2 − 18p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
768
7
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
−
12288
63
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
−
371712
175
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7),
p−1∑
k=0
(2k
k
)2(3k
k
)
1458k(2k − 1)
≡


−
61
81
(
4x2 − 2p−
p2
4x2
)
− (−1)
p−1
2
44
243
p (mod p3)
if p = x2 + 3y2 ≡ 1 (mod 3),
−
32
81
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(
2k
k
)2(4k
2k
)
(−12288)k(2k − 1)
≡


−
13
4
x2 +
93
64
p (mod p2) if 12 | p− 1 and so p = x2 + 9y2,
13
8
x2 −
93
64
p (mod p2) if 12 | p− 5 and so 2p = x2 + 9y2,
3
16
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 7 (mod 12),
−
3
8
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 11 (mod 12),
(p
3
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
123k(2k − 1)
≡


−
26
9
x2 +
13
9
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
1
6
(2p + 2− 2p−1)
( p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4).
2
In 2009, Zagier [Z] studied the Ape´ry-like numbers {un} satisfying
u0 = 1, u1 = b and (n+ 1)
2un+1 = (an(n+ 1) + b)un − cn
2un−1 (n ≥ 1),
where a, b, c ∈ Z, c 6= 0 and un ∈ Z for n = 1, 2, 3, . . .. Let
A′n =
n∑
k=0
(
n
k
)2(n+ k
k
)
, fn =
n∑
k=0
(
n
k
)3
=
n∑
k=0
(
n
k
)2(2k
n
)
,
Sn =
[n/2]∑
k=0
(
2k
k
)2( n
2k
)
4n−2k =
n∑
k=0
(
n
k
)(
2k
k
)(
2n− 2k
n− k
)
,
an =
n∑
k=0
(
n
k
)2(2k
k
)
, Qn =
n∑
k=0
(
n
k
)
(−8)n−kfk,
Wn =
[n/3]∑
k=0
(
2k
k
)(
3k
k
)(
n
3k
)
(−3)n−3k,
Gn =
n∑
k=0
(
2k
k
)2(2n− 2k
n− k
)
4n−k =
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16n−k.
According to [Z] and [AZ], {A′n}, {fn}, {Sn}, {an}, {Qn}, {Wn} and {Gn} are Ape´ry-like
sequences with (a, b, c) = (11, 3,−1), (7, 2,−8), (12, 4, 32), (10, 3, 9), (−17, −6, 72), (−9,
−3, 27) and (32, 12, 256), respectively. The sequence {fn} is called Franel numbers. In
[S7,S8,S10,S11] the author systematically investigated identities and congruences for sums
involving Sn, fn, Wn and Gn. For {A
′
n}, {fn}, {Sn}, {an}, {Qn}, {Wn} and {Gn}
see A005258, A000172, A081085, A002893, A093388, A291898 and A143583 in Sloane’s
database “The On-Line Encyclopedia of Integer Sequences”.
Let p be an odd prime. In [Su2], Z.W. Sun posed many congruences modulo p2
involving Ape´ry-like numbers. In [S9] and [S10], the author conjectured many congruences
modulo p3 involving Ape´ry-like numbers. In Section 2, we pose some conjectures on∑p−1
k=0
(2kk )uk
mk(2k−1)
modulo p2, where un ∈ {A
′
n, fn, Sn, an, Qn,Wn, Gn}. As typical examples,
p−1∑
k=0
(2k
k
)
Sk
16k(2k − 1)
≡


0 (mod p2) if p ≡ 1 (mod 4),
−(2p+ 2− 2p−1)
(
(p− 1)/2
(p− 3)/4
)2
(mod p2) if p ≡ 3 (mod 4),
p−1∑
k=0
(2k
k
)
Wk
(−12)k(2k − 1)
≡


0 (mod p2) if p ≡ 1 (mod 3),
−
1
2
(
[2p3 ]
[ p12 ]
)2
(mod p) if p ≡ 5 (mod 12),
−
49
2
(
[2p3 ]
[ p12 ]
)2
(mod p) if p ≡ 11 (mod 12).
p−1∑
k=0
(
2k
k
)
Gk
128k(2k − 1)
≡


−
3
8
(4x2 − 2p) (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
9
8
(
[p/4]
[p/8]
)2
(mod p) if p ≡ 5 (mod 8),
−
1
4
(
[p/4]
[p/8]
)2
(mod p) if p ≡ 7 (mod 8).
3
2. Conjectures on congruences involving
(2kk )
2k−1
Let p > 3 be a prime. In [Su1,Su2], Z.W. Sun conjectured congruences for
∑p−1
k=0
(2k
k
)3
/mk
(mod p2) with m = 1,−8, 16,−64, 256,−512, 4096. Such conjectures were proved by the
author in [S2]. In [S10], the author conjectured congruences for
∑p−1
k=0
(
2k
k
)3
/mk (mod p3)
in the cases m = 1,−8, 16,−64, 256,−512, 4096.
By doing calculations with Maple, we form the following conjectures.
Conjecture 2.1. Let p be an odd prime. Then
p−1∑
k=0
(2k
k
)3
(−8)k(2k − 1)
≡


−4x2 (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
2p − 2(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4),
p−1∑
k=0
(2k
k
)3
(−8)k(2k − 1)2
≡


−4x2 + 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
6(2p + 2− 2p−1)
(
(p− 1)/2
(p− 3)/4
)2
(mod p2) if p ≡ 3 (mod 4),
p−1∑
k=0
(
2k
k
)3
(−8)k(2k − 1)3
≡


48y2 (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−6p− 12(2p + 2− 2p−1)
(
(p− 1)/2
(p− 3)/4
)2
(mod p2) if 4 | p− 3.
Conjecture 2.2. Let p be an odd prime. Then
p−1∑
k=0
(2k
k
)3
64k(2k − 1)
≡


p− 2x2 (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−(p+ 1− 2p−2)
(p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4),
p−1∑
k=0
(2k
k
)3
64k(2k − 1)2
≡


2x2 − p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
3(p + 1− 2p−2)
(p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4),
p−1∑
k=0
(2k
k
)3
64k(2k − 1)3
≡


0 (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−3(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4).
Conjecture 2.3. Let p be an odd prime. Then
(−1)[
p
4
]
p−1∑
k=0
(
2k
k
)3
(−512)k(2k − 1)
≡


5
4
p− 3x2 (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
p
4
+
1
4
(2p+ 2− 2p−1)
(p−1
2
p−3
4
)2
(mod p2) if 4 | p− 3,
(−1)[
p
4
]
p−1∑
k=0
(
2k
k
)3
(−512)k(2k − 1)2
≡


2x2 −
5
8
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
3
4
(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
+
3
8
p (mod p2) if 4 | p− 3,
(−1)[
p
4
]
p−1∑
k=0
(
2k
k
)3
(−512)k(2k − 1)3
≡


−
3
2
x2 +
3
8
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
3
2
(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
−
3
8
p (mod p2) if 4 | p− 3.
4
Conjecture 2.4. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)2(4k
2k
)
(2k − 1)648k
≡


−
76
27
x2 +
104
81
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
2
9
(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
+
10
81
p (mod p2) if p ≡ 3 (mod 4).
Conjecture 2.5. Let p > 3 be a prime. Then
(p
3
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
123k(2k − 1)
≡


−
26
9
x2 +
13
9
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
1
6
(2p + 2− 2p−1)
( p−1
2
p−3
4
)2
(mod p2) if p ≡ 3 (mod 4)
and for p 6= 11,
(33
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
663k(2k − 1)
≡


−
3716
1089
x2 +
18848
11979
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
2
33
(2p + 2− 2p−1)
(p−1
2
p−3
4
)2
+
530
3993
p (mod p2) if 4 | p− 3.
Conjecture 2.6. Let p be a prime with p 6= 2, 3, 7. Then
p−1∑
k=0
(2k
k
)3
2k − 1
≡


14p − 36y2 (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
128
7
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
−
2048
63
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
−
61952
175
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7).
Moreover,
p−1∑
k=0
(2k
k
)3
(2k − 1)2
≡


−284y2 + 34p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−3
p−1∑
k=0
(2k
k
)3
2k − 1
+ 48p (mod p2) if p ≡ 3, 5, 6 (mod 7),
p−1∑
k=0
(2k
k
)3
(2k − 1)3
≡


−804y2 − 18p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
6
p−1∑
k=0
(
2k
k
)3
2k − 1
− 144p (mod p2) if p ≡ 3, 5, 6 (mod 7).
Conjecture 2.7. Let p be a prime with p 6= 2, 3, 7. Then
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
4096k(2k − 1)
5
≡

−
7
4
p+ 22y2 (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
2
7
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
32
63
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
968
175
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7)
and
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
4096k(2k − 1)
≡ −
1
64
p−1∑
k=0
(
2k
k
)3
2k − 1
(mod p3) for p ≡ 3, 5, 6 (mod 7).
Moreover,
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
4096k(2k − 1)2
≡


−17y2 +
97
64
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
3
64
p−1∑
k=0
(2k
k
)3
2k − 1
−
15
64
p (mod p2) if p ≡ 3, 5, 6 (mod 7),
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
4096k(2k − 1)3
≡


201
16
y2 +
81
64
(mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
3
32
p−1∑
k=0
(2k
k
)3
2k − 1
+
45
64
p (mod p2) if p ≡ 3, 5, 6 (mod 7).
Conjecture 2.8. Let p be an odd prime. Then
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)
≡


p− 3x2 (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
−
9
4
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
1
2
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8).
Moreover,
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
(−64)k(2k − 1)2
≡


x2 (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
−3(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
(−64)k(2k − 1)
− p (mod p2) if p ≡ 5, 7 (mod 8),
6
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)3
≡


p− 2x2 (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
6(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)
+ 3p (mod p2) if p ≡ 5, 7 (mod 8).
Conjecture 2.9. Let p > 3 be a prime. Then
p−1∑
k=0
(
2k
k
)3
16k(2k − 1)
≡


4y2 (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
3
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3).
Moreover,
p−1∑
k=0
(2k
k
)3
16k(2k − 1)2
≡


4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−3
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
+ 2p (mod p2) if p ≡ 2 (mod 3),
p−1∑
k=0
(2k
k
)3
16k(2k − 1)3
≡


−12y2 (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
6
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
− 6p (mod p2) if p ≡ 2 (mod 3).
Conjecture 2.10. Let p > 3 be a prime. Then
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
256k(2k − 1)
≡


8y2 −
3
2
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
2
3
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3)
and
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
256k(2k − 1)
≡ −
1
4
p−1∑
k=0
(
2k
k
)3
16k(2k − 1)
(mod p3) for p ≡ 2 (mod 3).
Moreover,
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
256k(2k − 1)2
≡


2x2 −
3
4
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
3
4
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
−
1
4
p (mod p2) if 3 | p− 2,
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
256k(2k − 1)3
≡


p
4
− x2 (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
3
2
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
+
3
4
p (mod p2) if 3 | p− 2.
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Conjecture 2.11. Let p be an odd prime. Then
p−1∑
k=0
(2k
k
)2(3k
k
)
8k(2k − 1)
≡


7
2
p− x2 (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
27
4
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
−
3
2
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8),
p−1∑
k=0
(
2k
k
)2(4k
2k
)
256k(2k − 1)
≡


−
5
8
(4x2 − 2p) (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
9
8
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
−
1
4
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8),
p−1∑
k=0
(2k
k
)2(4k
2k
)
284k(2k − 1)
≡


−
2363
686
x2 (mod p) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
81
392
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
−
9
196
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8)
and
(−5
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
203k(2k − 1)
≡


−
79
25
x2 +
181
125
p (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
−
9
20
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
1
10
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8).
Moreover, for p ≡ 5, 7 (mod 8),
p−1∑
k=0
(2k
k
)2(3k
k
)
8k(2k − 1)
≡ −3(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)
+
3
2
p (mod p2),
p−1∑
k=0
(2k
k
)2(4k
2k
)
256k(2k − 1)
≡ −
1
2
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)
−
p
4
(mod p2),
(−5
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
203k(2k − 1)
≡
1
5
(−1)
p−1
2
p−1∑
k=0
(2k
k
)3
(−64)k(2k − 1)
−
4
125
p (mod p2).
Conjecture 2.12. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)2(4k
2k
)
(−144)k(2k − 1)
≡


−
28
9
x2 +
8
9
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
9
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3),
8
p−1∑
k=0
(
2k
k
)2(3k
k
)
108k(2k − 1)
≡


−
5
9
(4x2 − 2p) (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
9
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3),
and
(p
5
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
54000k(2k − 1)
≡


−
748
225
x2 +
1708
1125
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
45
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3).
Moreover, for p ≡ 2 (mod 3),
p−1∑
k=0
(2k
k
)2(4k
2k
)
(−144)k(2k − 1)
≡
1
3
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
+
4
9
p (mod p2),
p−1∑
k=0
(
2k
k
)2(3k
k
)
108k(2k − 1)
≡
1
3
p−1∑
k=0
(
2k
k
)3
16k(2k − 1)
−
2
9
p (mod p2),
(p
5
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
54000k(2k − 1)
≡
1
15
p−1∑
k=0
(
2k
k
)3
16k(2k − 1)
+
112
1125
p (mod p2).
Conjecture 2.13. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)2(3k
k
)
1458k(2k − 1)
≡


−
61
81
(
4x2 − 2p−
p2
4x2
)
− (−1)
p−1
2
44
243
p (mod p3)
if p = x2 + 3y2 ≡ 1 (mod 3),
−
32
81
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3).
Conjecture 2.14. Let p > 3 be a prime. Then
p−1∑
k=0
(
2k
k
)2(3k
k
)
(−192)k(2k − 1)
≡


−
3
4
x2 +
9
8
p (mod p2) if 3 | p− 1 and 4p = x2 + 27y2,
−
1
8
(
[2p/3]
[p/12]
)2
(mod p) if p ≡ 5 (mod 12),
−
49
8
(
[2p/3]
[p/12]
)2
(mod p) if p ≡ 11 (mod 12).
and
(10
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−12288000)k(2k − 1)
≡


−
177
200
x2 +
53199
32000
p (mod p2) if 3 | p− 1 and 4p = x2 + 27y2,
−
1
20
(
[2p/3]
[p/3]
)2
(mod p) if p ≡ 2 (mod 3).
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Conjecture 2.15. Let p be a prime with p > 7. Then
p−1∑
k=0
(2k
k
)2(4k
2k
)
81k(2k − 1)
≡


436
27
y2 −
50
81
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
64
63
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
−
1024
567
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
−
30976
1575
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7)
and
p−1∑
k=0
(2k
k
)2(4k
2k
)
(−3969)k(2k − 1)
≡


2102
189
y2 −
7090
3969
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
128
441
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
−
2048
3969
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
−
61952
11025
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7).
Moreover, for p ≡ 3, 5, 6 (mod 7),
p−1∑
k=0
(2k
k
)2(4k
2k
)
81k(2k − 1)
≡
1
18
p−1∑
k=0
(2k
k
)3
2k − 1
−
8
81
p (mod p2),
p−1∑
k=0
(2k
k
)2(4k
2k
)
(−3969)k(2k − 1)
≡
1
63
p−1∑
k=0
(2k
k
)3
2k − 1
+
64
3969
p (mod p2).
Conjecture 2.16. Let p be a prime with p > 7. Then
(−15
p
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−15)3k(2k − 1)
≡


2542
225
y2 −
2138
1125
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
32
105
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
512
945
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
15488
2625
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7).
Moreover, for p ≡ 3, 5, 6 (mod 7),
(−15
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−15)3k(2k − 1)
≡ −
1
60
p−1∑
k=0
(2k
k
)3
2k − 1
−
12
125
p (mod p2).
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Conjecture 2.17. Let p > 3 be a prime. Then
p−1∑
k=0
(
2k
k
)2(4k
2k
)
(−12288)k(2k − 1)
≡


−
13
4
x2 +
93
64
p (mod p2) if 12 | p− 1 and so p = x2 + 9y2,
13
8
x2 −
93
64
p (mod p2) if 12 | p− 5 and so 2p = x2 + 9y2,
3
16
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 7 (mod 12),
−
3
8
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 11 (mod 12).
Conjecture 2.18. Let p be a prime with p 6= 2, 11.
(i) If p ≡ 1, 3, 4, 5, 9 (mod 11) and so 4p = x2 + 11y2, then
p−1∑
k=0
(2k
k
)2(3k
k
)
64k(2k − 1)
≡
23
4
y2 −
7
8
p (mod p2),
(−2
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−32)3k(2k − 1)
≡
73
8
y2 +
467
256
p (mod p2),
p−1∑
k=0
(2k
k
)
A′k
4k(2k − 1)
≡ 2p − 2y2 (mod p2).
(ii) If p ≡ 2, 6, 7, 8, 10 (mod 11), f = [ p11 ] and F =
(
3f
f
)(
6f
3f
)
/
(
4f
2f
)
, then
p−1∑
k=0
(
2k
k
)2(3k
k
)
64k(2k − 1)
≡ −6
(−2
p
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−32)3k(2k − 1)
≡
3
20
p−1∑
k=0
(
2k
k
)
A′k
4k(2k − 1)
≡


−
3
22
F 2 (mod p) if p ≡ 2 (mod 11),
−
16875
3718
F 2 (mod p) if p ≡ 6 (mod 11),
−
233523
6358
F 2 (mod p) if p ≡ 7 (mod 11),
−
205350
539
F 2 (mod p) if p ≡ 8 (mod 11),
−
5358150
9251
F 2 (mod p) if p ≡ 10 (mod 11).
Moreover,
(−2
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−32)3k(2k − 1)
≡ −
1
6
p−1∑
k=0
(2k
k
)2(3k
k
)
64k(2k − 1)
−
35
256
p (mod p2),
p−1∑
k=0
(2k
k
)
A′k
4k(2k − 1)
≡
20
3
p−1∑
k=0
(2k
k
)2(3k
k
)
64k(2k − 1)
+
p
2
(mod p2).
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Conjecture 2.19. Let p > 5 be a prime.
(i) If p ≡ 1, 19 (mod 30) and so p = x2 + 15y2, then
p−1∑
k=0
(
2k
k
)2(3k
k
)
(−27)k(2k − 1)
≡
148
3
y2 −
26
9
p (mod p2),
p−1∑
k=0
(
2k
k
)2(3k
k
)
153k(2k − 1)
≡ 2p − 2y2 (mod p2).
(ii) If p ≡ 17, 23 (mod 30) and so p = 3x2 + 5y2, then
p−1∑
k=0
(2k
k
)2(3k
k
)
(−27)k(2k − 1)
≡ −
148
9
y2 +
26
9
p (mod p2),
p−1∑
k=0
(2k
k
)2(3k
k
)
153k(2k − 1)
≡ 2p− 2y2 (mod p2).
(iii) If (−15p ) = −1, then
p−1∑
k=0
(2k
k
)2(3k
k
)
(−27)k(2k − 1)
≡
25
4
p−1∑
k=0
(2k
k
)2(3k
k
)
153k(2k − 1)
≡


−
32
45
· 5−[
p
3
]
(
[p/3]
[p/15]
)2
(mod p) if p ≡ 7 (mod 30),
−
8
45
· 5−[
p
3
]
(
[p/3]
[p/15]
)2
(mod p) if p ≡ 11 (mod 30),
−
512
45
· 5−[
p
3
]
(
[p/3]
[p/15]
)2
(mod p) if p ≡ 13 (mod 30),
−
128
45
· 5−[
p
3
]
(
[p/3]
[p/15]
)2
(mod p) if p ≡ 29 (mod 30).
Conjecture 2.20. Let p > 3 be a prime. If ( p19 ) = 1 and so 4p = x
2 + 19y2, then
(−6
p
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(2k − 1)(−96)3k
≡
1183
72
y2 −
4273
2304
p (mod p2).
If ( p19 ) = −1, then
( p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(2k − 1)(−96)3k
)( p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−96)3k
)
≡ −
985
87552
p2 (mod p3).
Conjecture 2.21. Let p > 5 be a prime. If ( p43 ) = 1 and so 4p = x
2 + 43y2, then
(−15
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(2k − 1)(−960)3k
≡
140501
3600
y2 −
4384321
2304000
p (mod p2).
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If ( p43 ) = −1, then
( p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(2k − 1)(−960)3k
)( p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−960)3k
)
≡ −
933889
198144000
p2 (mod p3).
Conjecture 2.22. Let p > 5 be a prime. If ( p67 ) = −1, then
( p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(2k − 1)(−5280)3k
)( p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−5280)3k
)
≡ −
155357161
51365952000
p2 (mod p3).
Remark 2.1 Suppose that p > 3 is a prime. In [Su2], Z.W. Sun conjectured that
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−32)3k
≡


0 (mod p2) if (
p
11
) = −1,
(−2
p
)
(x2 − 2p) (mod p2) if (
p
11
) = 1 and so 4p = x2 + 11y2.
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−96)3k
≡


0 (mod p2) if (
p
19
) = −1,
(−6
p
)
(x2 − 2p) (mod p2) if (
p
19
) = 1 and so 4p = x2 + 19y2,
p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−960)3k
≡


0 (mod p2) if (
p
43
) = −1 and p 6= 5,
( p
15
)
(x2 − 2p) (mod p2) if (
p
43
) = 1 and so 4p = x2 + 43y2,
p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(−5280)3k
≡


0 (mod p2) if (
p
67
) = −1 and p 6= 5, 11,
(−330
p
)
(x2 − 2p) (mod p2) if (
p
67
) = 1 and so 4p = x2 + 67y2
and
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(−640320)3k
≡


0 (mod p2) if (
p
163
) = −1 and p 6= 5, 23, 29,
(−10005
p
)
(x2 − 2p) (mod p2) if (
p
163
) = 1 and so 4p = x2 + 163y2.
These congruences modulo p were proved by the author in [S4]
Conjecture 2.23. Let p > 3 be a prime. If (−6p ) = 1, then
p−1∑
k=0
(2k
k
)2(3k
k
)
216k(2k − 1)
≡


−
23
9
x2 +
7
6
p (mod p2) if p = x2 + 6y2 ≡ 1, 7 (mod 24),
−
46
9
x2 +
25
18
p (mod p2) if p = 2x2 + 3y2 ≡ 5, 11 (mod 24)
and
p−1∑
k=0
(2k
k
)2(3k
k
)
482k(2k − 1)
≡


−
55
18
x2 +
49
36
p (mod p2) if p = x2 + 6y2 ≡ 1, 7 (mod 24),
55
9
x2 −
49
36
p (mod p2) if p = 2x2 + 3y2 ≡ 5, 11 (mod 24).
If (−6p ) = −1, then
p−1∑
k=0
(2k
k
)2(3k
k
)
216k(2k − 1)
≡ −2
(p
3
) p−1∑
k=0
(2k
k
)2(4k
2k
)
482k(2k − 1)
≡
7
36
·
p2
∑p−1
k=0
(2kk )
2
(3kk )
216k
(mod p).
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Conjecture 2.24. Let p be an odd prime. Then
p−1∑
k=0
(2k
k
)2
32k(2k − 1)2
≡


x−
p
4x
(mod p2) if p = x2 + 4y2 ≡ 1 (mod 4) and 4 | x− 1,
1
2
(2p+ 3− 2p−1)
(p−1
2
p−3
4
)
(mod p2) if p ≡ 3 (mod 4).
Conjecture 2.25. Let p be an odd prime. Then
p−1∑
k=0
(
2k
k
)2
(−16)k(2k − 1)2
≡


(−1)
p−1
4
p
x
(mod p2) if p = x2 + 4y2 ≡ 1 (mod 4) and 4 | x− 1,
2(−1)
p+1
4
(
(p− 1)/2
(p− 3)/4
)
(mod p) if p ≡ 3 (mod 4).
Conjecture 2.26. Let p be an odd prime. Then
p−1∑
k=0
(
2k
k
)2
8k(2k − 1)2
≡


2(−1)
p−1
4 x (mod p) if p = x2 + 4y2 ≡ 1 (mod 4) and 4 | x− 1,
2(−1)
p+1
4
(p−1
2
p−3
4
)
(mod p) if p ≡ 3 (mod 4).
Remark 2.2 Let p be an odd prime. The congruences for
∑p−1
k=0
(2kk )
2
mk(2k−1)
(mod p2)
in the cases m = −16, 8, 32 have been given by Z.W. Sun in [Su3].
Conjecture 2.27. Let p be an odd prime. Then
p−1∑
k=0
(
2k
k
)
Sk
16k(2k − 1)
≡


0 (mod p2) if p ≡ 1 (mod 4),
−(2p+ 2− 2p−1)
(
(p − 1)/2
(p − 3)/4
)2
(mod p2) if p ≡ 3 (mod 4)
and
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)
Sk
32k(2k − 1)
≡


p
2
− x2 (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
−
9
4
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 5 (mod 8),
1
2
(
[p4 ]
[p8 ]
)2
(mod p) if p ≡ 7 (mod 8).
Moreover, for p ≡ 5, 7 (mod 8),
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)
Sk
32k(2k − 1)
≡ (−1)
p−1
2
p−1∑
k=0
(
2k
k
)3
(−64)k(2k − 1)
+
p
2
(mod p2).
Conjecture 2.28. Let p be a prime with p > 3. Then
p−1∑
k=0
(2k
k
)
Wk
(−12)k(2k − 1)
≡


0 (mod p2) if p ≡ 1 (mod 3),
−
1
2
(
[2p3 ]
[ p12 ]
)2
(mod p) if p ≡ 5 (mod 12),
−
49
2
(
[2p3 ]
[ p12 ]
)2
(mod p) if p ≡ 11 (mod 12)
14
and
(p
3
) p−1∑
k=0
(
2k
k
)
Wk
54k(2k − 1)
≡


−
28
9
x2 +
10
9
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
2
3
(2p+ 2− 2p−1)
(
(p − 1)/2
(p − 3)/4
)2
−
4
9
p (mod p2) if p ≡ 3 (mod 4).
Conjecture 2.29. Let p be a prime with p 6= 2, 3, 7. Then
(p
3
) p−1∑
k=0
(
2k
k
)
Wk
(−27)k(2k − 1)
≡


−
2
3
p+
76
9
y2 (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
32
21
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 3 (mod 7),
512
189
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 5 (mod 7),
15488
525
(
3[p7 ]
[p7 ]
)2
(mod p) if p ≡ 6 (mod 7).
Moreover, for p ≡ 3, 5, 6 (mod 7),
(p
3
) p−1∑
k=0
(2k
k
)
Wk
(−27)k(2k − 1)
≡ −
1
12
p−1∑
k=0
(2k
k
)3
2k − 1
+
8
9
p (mod p2).
Conjecture 2.30. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)
fk
(−4)k(2k − 1)
≡


2p − 4x2 (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−8
(p−1
2
p−5
6
)2
(mod p) if p ≡ 2 (mod 3).
Moreover, for p ≡ 2 (mod 3),
p−1∑
k=0
(2k
k
)
fk
(−4)k(2k − 1)
≡ 3
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
− 2p (mod p2).
Conjecture 2.31. Let p > 3 be a prime. Then
(−1)
p−1
2
p−1∑
k=0
(
2k
k
)
ak
54k(2k − 1)
≡


52
9
y2 −
26 + 2(−1)
p−1
2
27
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
32
27
(
(p− 1)/2
(p− 5)/6
)2
(mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(
2k
k
)
ak
100k(2k − 1)
≡


−
58
25
x2 (mod p) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
81
50
(
[p/4]
[p/8]
)2
if p ≡ 5 (mod 8),
−
9
25
(
[p/4]
[p/8]
)2
if p ≡ 7 (mod 8)
15
and
p−1∑
k=0
(2k
k
)
ak
(−12)k(2k − 1)
≡


p− 4x2 (mod p2) if 12 | p− 1 and so p = x2 + 9y2,
2x2 − p (mod p2) if 12 | p− 5 and so 2p = x2 + 9y2,
3
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 7 (mod 12),
−6
(
[p/3]
[p/12]
)2
(mod p) if p ≡ 11 (mod 12).
Moreover, for p ≡ 2 (mod 3),
(−1)
p−1
2
p−1∑
k=0
(2k
k
)
ak
54k(2k − 1)
≡ −
4
9
p−1∑
k=0
(2k
k
)3
16k(2k − 1)
+
8 + 2(−1)
p−1
2
27
p (mod p2).
Conjecture 2.32. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)
Gk
64k(2k − 1)
≡ 2(−1)
p−1
2 p2 (mod p3),
p−1∑
k=0
(2k
k
)
Gk
72k(2k − 1)
≡


−
4
9
x2 +
8
27
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
2
9
(2p + 2− 2p−1)
(
(p− 1)/2
(p− 3)/4
)2
−
2
27
p (mod p2) if 4 | p− 3,
p−1∑
k=0
(2k
k
)
Gk
576k(2k − 1)
≡


−
8
3
x2 +
32
27
p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
−
2
9
(2p + 2− 2p−1)
(
(p− 1)/2
(p− 3)/4
)2
+
4
27
p (mod p2) if 4 | p− 3.
Conjecture 2.33. Let p > 3 be a prime. Then
p−1∑
k=0
(2k
k
)
Gk
128k(2k − 1)
≡


−
3
8
(4x2 − 2p) (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
9
8
(
[p/4]
[p/8]
)2
(mod p) if p ≡ 5 (mod 8),
−
1
4
(
[p/4]
[p/8]
)2
(mod p) if p ≡ 7 (mod 8),
p−1∑
k=0
(2k
k
)
Gk
48k(2k − 1)
≡


4
9
x2 (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
9
(
(p− 1)/2
(p− 5)/6
)2
(mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(2k
k
)
Gk
(−192)k(2k − 1)
≡


−
32
9
x2 +
4
3
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
9
(
(p− 1)/2
(p− 5)/6
)2
(mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(
2k
k
)
Gk
63k(2k − 1)
≡


4
7
y2 +
26
1323
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
1
63
p−1∑
k=0
(
2k
k
)3
2k − 1
+
16
1323
p (mod p2) if p ≡ 3, 5, 6 (mod 7),
16
p−1∑
k=0
(
2k
k
)
Gk
(−4032)k(2k − 1)
≡


1408
63
y2 −
2368
1323
p (mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
1
63
p−1∑
k=0
(
2k
k
)3
2k − 1
−
320
1323
p (mod p2) if p ≡ 3, 5, 6 (mod 7).
Conjecture 2.34. Let p > 3 be a prime. Then
p−1∑
k=0
(
2k
k
)
Qk
(−36)k(2k − 1)
≡


−
4
9
x2 +
2
9
p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
8
9
(
(p − 1)/2
(p − 5)/6
)2
(mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(2k
k
)
Qk
18k(2k − 1)
≡


−
52
9
x2 +
26− 12(−1)(p−1)/2
9
p (mod p2) if p ≡ 1 (mod 3),
−
32
9
(
(p − 1)/2
(p − 5)/6
)2
(mod p) if p ≡ 2 (mod 3).
Finally, we pose two general conjectures:
Conjecture 2.35. Let a, x ∈ Q and d ∈ Z with adx 6= 0, where Q is the set of
rational numbers. Suppose that
∑p−1
k=0
(
a
k
)(
−1−a
k
)
xk ≡ 0 (mod p) for all odd primes p
satisfying a, x ∈ Zp and
(
d
p
)
= −1. Then there is a constant c ∈ Q such that for all odd
primes p with c ∈ Zp and
(
d
p
)
= −1,
p−1∑
k=0
(
2k
k
)(
a
k
)(
−1− a
k
)
(x(1− x))k ≡ c
( p−1∑
k=0
(
a
k
)(
−1− a
k
)
xk
)2
(mod p3).
Remark 2.3 By [S6], for any odd prime p and a, x ∈ Zp,
( p−1∑
k=0
(
a
k
)(
−1− a
k
)
xk
)2
≡
p−1∑
k=0
(
2k
k
)(
a
k
)(
−1− a
k
)
(x(1 − x))k (mod p2).
Conjecture 2.36. Let a,m ∈ Q and d ∈ Z with adm 6= 0. Suppose that
p−1∑
k=0
(
2k
k
)(
a
k
)(
−1−a
k
)
mk
≡ 0 (mod p2)
for all odd primes p satisfying a,m ∈ Zp, p ∤ m and
(
d
p
)
= −1. Then there is a constant
c ∈ Q such that for all odd primes p with c,m ∈ Zp, p ∤ m and
(
d
p
)
= −1,
( p−1∑
k=0
(2k
k
)(a
k
)(
−1−a
k
)
(2k − 1)mk
)( p−1∑
k=0
(2k
k
)(a
k
)(
−1−a
k
)
mk
)
≡ cp2 (mod p3).
Moreover, there is a constant C ∈ Q such that for all odd primes p with C,m ∈ Zp, p ∤ m
and
(
d
p
)
= 1,
p−1∑
k=0
(2k
k
)(a
k
)(
−1−a
k
)
(2k − 1)mk
≡ C
p−1∑
k=0
(2k
k
)(a
k
)(
−1−a
k
)
mk
(mod p).
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